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bounded continuous functions on X , endowed with the strict topology βσ . We study
topological properties of continuous and weakly compact operators from Cb(X) to a locally
convex Hausdorff space in terms of their representing vector measures. In particular,
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decomposition for weakly compact operators on Cb(X) is given.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction and terminology
The theory of linear operators from Cb(X), the space of real-valued bounded continuous functions deﬁned on a com-
pletely regular Hausdorff space, equipped with the strict topologies, to a locally convex Hausdorff space (in particular,
a Banach space) has been developed by Sentilles [29], Khurana [17,18], Aguayo and Sánchez [1–3], Chacón and Vielma [9]
and in [21]. In this paper we continue to study linear operators from the space Cb(X), endowed with the strict topology βσ ,
to a locally convex Hausdorff space (in particular, a quasicomplete locally convex space). We use the integration theory with
respect to vector measures deﬁned on rings of sets which has been developed by Panchapagesan [23,24], and the Kluvanek
extension theorem of strongly bounded vector measures.
For terminology concerning vector lattices we refer to [5,6,14]. We denote by σ(L, K ), τ (L, K ) and β(L, K ) the weak
topology, the Mackey topology and the strong topology on L with respect to a dual pair 〈L, K 〉. We assume that (E, τ ) is
a locally convex Hausdorff space (brieﬂy, lcHs). By (E, τ )′ or E ′τ we denote the topological dual of (E, τ ). Then the space
E ′′τ = (E ′τ , β(E ′τ , E))′ is the bidual of (E, τ ). Let τε stand for the topology on E ′′τ of uniform convergence on τ -equicontinuous
subsets of E ′τ (see [11, § 8.7]). (E, τ ) is said to be strongly Mackey if every relatively countably σ(E ′τ , E)-compact subset
of E ′τ is τ -equicontinuous.
Let F be an algebra of subsets of a nonempty set X . By B(F) we denote the Banach space (with the uniform norm ‖ · ‖)
of all bounded functions u : X → R that are uniform limits of sequences of F -simple functions. In particular, if F is a
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1422 M. Nowak / Topology and its Applications 159 (2012) 1421–1432σ -algebra, then B(F) is a Dedekind σ -complete Banach lattice of all bounded F -measurable functions u : X →R. By BB(F)
we denote the closed unit ball in (B(F),‖ · ‖).
For terminology and basic results concerning the integration with respect to vector measures we refer to [7,13,20,23,24].
Recent results concerning the integration theory with respect to locally convex space-valued measures and its application
to the integration in locally compact Hausdorff spaces can be found in the monograph [25].
Let (E, τ ) be a quasicomplete lcHs and let m :F → E be a τ -bounded vector measure (i.e., the range of m is τ -bounded
in E). Given u ∈ B(F), let (sn) be a sequence of F -simple functions that converges uniformly to u on X . Following [23,
Deﬁnition 1] we say that u is m-integrable and deﬁne∫
X
u dm := τ − lim
∫
X
sn dm.
Then the integral is well deﬁned (see [23, Lemma 5]) and the map Tm : B(F) → E given by Tm(u) =
∫
X u dm is (‖ · ‖, τ )-
continuous and linear, and for e′ ∈ E ′τ
e′
(∫
X
u dm
)
=
∫
X
u d
(
e′ ◦m) for u ∈ B(F).
Conversely, let T : B(F) → E be a (‖ · ‖, τ )-continuous linear operator, and let m(A) = T (1A) for A ∈ F . Then m :F → E is
a τ -bounded vector measure and Tm(u) = T (u) for u ∈ B(F) (see [23, Deﬁnition 2, Lemma 6]).
A vector measure m :F → E is said to be τ -strongly bounded (τ -exhausting) if m(An) → 0 in τ for each pairwise disjoint
sequence (An) in F . It is known that if F is a σ -algebra, then each τ -countably additive measure m :F → E is τ -strongly
bounded. The following theorem will be of importance (see [23, Lemma 3, Theorem 1]).
Theorem 1.1. Assume that (E, τ ) is a quasicomplete lcHs. Then for a τ -bounded vector measure m :F → E the following statements
are equivalent:
(i) Tm : B(F) → E is weakly compact, i.e., Tm maps bounded sets in B(F) into relatively σ(E, E ′τ )-compact sets in E.
(ii) m is τ -strongly bounded.
An important example of a quasicomplete locally convex Hausdorff space is the space L(F ,G) of all bounded linear opera-
tors between Banach spaces F and G, provided with the strong operator topology.
Now assume that X is a completely regular Hausdorff space. Let Cb(X) be the Banach space of all real-valued bounded
continuous functions on X endowed with the uniform norm ‖ · ‖. Then the Banach dual Cb(X)′ of Cb(X) with the natural
order (Φ1 Φ2 if Φ1(u)Φ2(u) for each 0 u ∈ Cb(X)) is a Dedekind complete Banach lattice. By Cb(X)′′ we will denote
the Banach bidual of Cb(X).
Let B (resp. Ba) be the algebra (resp. σ -algebra) of Baire sets in X, which is the algebra (resp. σ -algebra) generated
by the class Z of all zero-sets of functions of Cb(X). Let M(X) stand for the space of all Baire measures on B. Then M(X)
with the norm ‖μ‖ = |μ|(X) (= the total variation of μ) and the natural order (μ1  μ2 if μ1(A)μ2(A) for all A ∈ B)
is a Dedekind complete Banach lattice (see [32, pp. 114, 122]). Due to the Alexandrov representation theorem (see [31],
[32, Theorem 5.1]) Cb(X)′ can be identiﬁed with M(X) through the lattice isomorphism M(X) 	 μ 
→ Φμ ∈ Cb(X)′ , where
Φμ(u) =
∫
X u dμ for all u ∈ Cb(X), and ‖Φμ‖ = ‖μ‖.
A real linear functional Φ on Cb(X) is said to be σ -additive if Φ(un) → 0 for each sequence (un) in Cb(X) such that
un(x) ↓ 0 for all x ∈ X . We will denote by Lσ (Cb(X)) the set of all σ -additive functionals on Cb(X) (see [30]).
In the topological measure theory the so-called strict topologies on Cb(X) are of importance (see [30,32] for more
details). In this paper we consider the strict topology βσ on Cb(X) (denoted by β1 in [30]). It is known that βσ is a
locally convex-solid topology (see [32, Theorem 11.6]). Moreover, βσ is a σ -Dini topology, that is, un → 0 in βσ whenever
un(x) ↓ 0 for all x ∈ X, and βσ is the ﬁnest locally convex topology on Cb(X) with this property (see [30, Theorem 6.3], [32,
Theorem 11.16]). We have
Cb(X)
′
βσ
= (Cb(X),βσ )′ = {Φμ: μ ∈ Mσ (X)}= Lσ (Cb(X)), (1.1)
where Mσ (X) stands for the space of all σ -additive Baire measures (see [32, § 6]). Recall that μ ∈ M(X) is said to be σ -
additive if μ(Zn) → 0 whenever Zn ↓ ∅ and (Zn) ⊂ Z . For μ ∈ M(X) we have that μ ∈ Mσ (X) if and only if μ is countably
additive on the algebra B (see [32, § 6]).
Moreover, (Cb(X), βσ ) is a strongly Mackey space (see [32, Theorem 11.5]). It follows that βσ = τ (Cb(X),Mσ (X)). It is
known that βσ is the ﬁnest locally convex topology on Cb(X) which agrees with itself on ‖ · ‖-bounded (equivalently, βσ -
bounded) sets (see [30, Theorem 4.1], [32, Theorem 11.2]). This means that (Cb(X), βσ ) is a generalized DF-space (see [27,
§ 1]). Note that if X is pseudocompact, then βσ coincides with the uniform norm topology on Cb(X) (see [32, p. 139]), and
hence Mσ (X) = M(X).
In Section 2 we state a general representation theorem for (‖ · ‖, τ )-continuous linear operators T :Cb(X) → E (see
Theorem 2.1 below) which is analogous to the well known representation theorem for continuous operators on C0(X),
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Section 3 is devoted to the study of σ -additive operators on Cb(X). In particular, we derive a Vitali–Hahn–Saks type theorem
and an Alexandrov type theorem (see Theorem 3.4 and Corollaries 3.6 and 3.7 below). In Section 4 we characterize weakly
compact operators T from Cb(X) to a quasicomplete lcHs (E, τ ) in terms of their representing measures mˆ :B → E ′′τ (see
Theorem 4.2 below). Moreover, a Yosida–Hewitt decomposition theorem for weakly compact operators on Cb(X) is given
(see Theorem 4.4 below). In Section 5 we derive a characterization of (βσ , τ )-continuous and weakly compact operators T
from Cb(X) to a quasicomplete lcHs (E, τ ) in terms of their linear extensions T : B(Ba) → E (see Theorem 5.3 below). As an
application, we derive that each (βσ , τ )-continuous and weakly compact operator T :Cb(X) → E is a strict Dunford–Pettis
operator (see Corollary 5.4 below).
2. Representation of continuous operators on Cb(X)
It is well known that Cb(X) ⊂ B(B) (see [2, Lemma 1.2]) and one can embed isometrically B(B) in Cb(X)′′ by the
mapping π : B(B) → Cb(X)′′ , where for each u ∈ B(B),
π(u)(Φμ) =
∫
X
u dμ for all μ ∈ M(X).
From now on in this section we assume that (E, τ ) is a locally convex Hausdorff space. Let i : E → E ′′τ stand for the
canonical embedding, i.e., i(e)(e′) = e′(e) for e ∈ E and e′ ∈ E ′τ . Moreover, let j : i(E) → E denote the left inverse of i, that
is, j ◦ i = idE . Note that j is (σ (i(E), E ′τ ),σ (E, E ′τ ))-continuous.
Now we assume that T :Cb(X) → E is a (‖ · ‖, τ )-continuous linear operator. Then T is (σ (Cb(X),Cb(X)′),σ (E, E ′τ ))-
continuous (see [11, Corollary 8.6.5]) and we can deﬁne the conjugate mapping
T ′ : E ′τ −→ Cb(X)′,
by putting T ′(e′) = e′ ◦ T for e′ ∈ E ′τ . Then T ′ is (β(E ′τ , E), β(Cb(X)′,Cb(X)))-continuous (see [11, Proposition 8.7.1]), and
hence T ′ is (σ (E ′τ , E ′′τ ),σ (Cb(X)′,Cb(X)′′))-continuous. It follows that we can deﬁne the biconjugate mapping (see [5, The-
orem 9.26])
T ′′ :Cb(X)′′ −→ E ′′τ ,
by putting T ′′(V )(e′) = V (T ′(e′)) for V ∈ Cb(X)′′ and e′ ∈ E ′τ . Then T ′′ is (σ (Cb(X)′′,Cb(X)′),σ (E ′′τ , E ′τ ))-continuous. Since
the topology (T‖·‖Cb (X)′′ )ε on Cb(X)
′′ coincides with the norm topology, in view of [11, Proposition 8.7.2] T ′′ is (‖·‖Cb(X)′′ , τε)-
continuous. Let
Tˆ = T ′′ ◦ π : B(B) −→ E ′′τ .
Then Tˆ is (‖ · ‖, τε)-continuous. For A ∈ B let us put
mˆ(A) := Tˆ (1A).
Then
mˆ :B −→ E ′′τ
is a τε-bounded measure. For each e′ ∈ E ′τ let
mˆe′(A) := mˆ(A)
(
e′
)
for all A ∈ B.
From the general properties of the operator Tˆ it follows immediately that
Tˆ
(
Cb(X)
)⊂ i(E) and T (u) = j(Tˆ (u)) for all u ∈ Cb(X).
The following theorem is analogous to the representation theorem for continuous linear operators on C0(X), where X is
a locally compact space (see [24, Theorem 1, p. 4854]). But for the sake of completeness we present here a proof (see [2,
Theorem 1.3]).
Theorem 2.1. Let T :Cb(X) → E be a (‖ · ‖, τ )-continuous linear operator and mˆ(A) = (T ′′ ◦π)(1A) for all A ∈ B. Then the following
statements hold:
(i) mˆe′ ∈ M(X) for each e′ ∈ E ′τ .
(ii) The mapping E ′τ 	 e′ 
→ mˆe′ ∈ M(X) is (σ (E ′τ , E),σ (M(X),Cb(X)))-continuous.
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e′
(
T (u)
)= ∫
X
u dmˆe′ for all u ∈ Cb(X).
Conversely, let mˆ :B → E ′′τ be a vector measure satisfying (i) and (ii). Then there exists a unique (‖·‖, τ )-continuous linear operator
T :Cb(X) → E such that (iii) holds and mˆ(A) = (T ′′ ◦ π)(1A) for all A ∈ B.
In consequence, the vector measure mˆ :B → E ′′τ satisfying (i), (ii) and (iii) is uniquely determined by a (‖ · ‖, τ )-continuous linear
operator T :Cb(X) → E.
Proof. Let e′ ∈ E ′τ . Since e′ ◦ T ∈ Cb(X)′ , there is a unique μe′ ∈ M(X) such that(
e′ ◦ T )(u) = ∫
X
u dμe′ = Φμe′ (u) for all u ∈ Cb(X).
For A ∈ B we have
mˆe′(A) = T ′′
(
π(1A)
)(
e′
)= π(1A)(T ′(e′))= π(1A)(e′ ◦ T )= ∫
X
1A dμe′ = μe′(A).
It follows that mˆe′ = μe′ ∈ M(X) and(
e′ ◦ T )(u) = ∫
X
u dmˆe′ for all u ∈ Cb(X).
This means that (i) and (iii) hold. Since the mapping T ′ : E ′τ → Cb(X)′ is (σ (E ′τ , E),σ (Cb(X)′,Cb(X)))-continuous, the
mapping E ′τ 	 e′ 
→ Φmˆe′ ∈ Cb(X)′ is (σ (E ′τ , E),σ (Cb(X)′,Cb(X)))-continuous, so the mapping E ′τ 	 e′ 
→ mˆe′ ∈ M(X) is
(σ (E ′τ , E),σ (M(X),Cb(X)))-continuous, i.e., (ii) holds.
Conversely, let mˆ :B → E ′′τ be a vector measure satisfying (i) and (ii). Then for each e′ ∈ E ′τ , mˆe′ ∈ M(X) and the mapping
E ′τ 	 e′ 
→ mˆe′ ∈ M(X) is (σ (E ′τ , E),σ (M(X),Cb(X)))-continuous.
For u ∈ Cb(X) deﬁne a linear mapping Ψu : E ′τ → R by Ψu(e′) =
∫
X u dmˆe′ for e
′ ∈ E ′τ . Then by (ii) Ψu is a σ(E ′τ , E)-
continuous linear functional on E ′τ , so there is a unique eu ∈ E such that Ψu(e′) = e′(eu) for each e′ ∈ E ′τ . For each u ∈ Cb(X)
let us put T (u) = eu . Then T :Cb(X) → E is a linear mapping and for each e′ ∈ E ′τ we have
sup
{∣∣e′(T (u))∣∣: ‖u‖ 1}= sup{∣∣e′(eu)∣∣: ‖u‖ 1}= sup
{∣∣∣∣
∫
X
u dmˆe′
∣∣∣∣: ‖u‖ 1
}
 sup
{∫
X
|u|d|mˆe′ |: ‖u‖ 1
}
 |mˆe′ |(X).
This means that the set {T (u): ‖u‖ 1} is σ(E, E ′τ )-bounded, and hence τ -bounded. It follows that T is (‖·‖, τ )-continuous
(see [26, Theorem 1.32]). Moreover, for each u ∈ Cb(X) and e′ ∈ E ′τ we have
e′
(
T (u)
)= e′(eu) = Ψu(e′)= ∫
X
u dmˆe′ ,
i.e., T satisﬁes (iii).
Assume that S :Cb(X) → E is another (‖ · ‖, τ )-continuous linear operator such that for each e′ ∈ E ′τ ,
e′
(
S(u)
)= ∫
X
u dmˆe′ for all u ∈ Cb(X).
Then e′(T (u)) = e′(S(u)) for u ∈ Cb(X). It follows that T = S .
Let mˆo(A) = (T ′′ ◦ π)(1A) for A ∈ B. Then by the ﬁrst part of the proof, for each e′ ∈ E ′τ we have
e′
(
T (u)
)= ∫
X
u d(mˆo)e′ for all u ∈ Cb(X),
where (mˆo)e′ ∈ M(X). It follows that mˆe′ = (mˆo)e′ for each e′ ∈ E ′τ , i.e., mˆ(A)(e′) = mˆo(A)(e′) for all A ∈ B. Hence mˆ(A) =
mˆo(A) = (T ′′ ◦ π)(A) for all A ∈ B. 
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(i)–(iii) of Theorem 2.1 is called the representing measure of T (see [10, Deﬁnition 2, p. 153], [24, Deﬁnition 4, p. 4856]).
The following result will be useful.
Proposition 2.2. Let T :Cb(X) → E be a (‖ · ‖, τ )-continuous linear operator, and let A be a τ -equicontinuous subset of E ′τ . Then the
set {mˆe′ : e′ ∈ A} is bounded in M(X), i.e., supe′∈A |mˆe′ |(X) < ∞.
Proof. Since the set {mˆ(A): A ∈ B} in E ′′τ is τε-bounded, we have that supA∈B pA(mˆ(A)) < ∞, where
pA
(
mˆ(A)
)= sup
e′∈A
∣∣mˆ(A)(e′)∣∣ for A ∈ B.
It follows that
sup
{∣∣mˆ(A)(e′)∣∣: A ∈ B, e′ ∈ A}< ∞.
Note that for each e′ ∈ E ′τ we have (see [10, Proposition 11, pp. 4–5])
|mˆe′ |(X) 4 sup
A∈B
∣∣mˆe′(A)∣∣= 4 sup
A∈B
∣∣mˆ(A)(e′)∣∣.
Then
sup
e′∈A
|mˆe′ |(X) 4 sup
{∣∣mˆ(A)(e′)∣∣: A ∈ B, e′ ∈ A}< ∞. 
3. σ -additive operators on Cb(X)
In the topological measure theory, σ -additive linear functionals on Cb(X) are of importance (see [30]). We start with the
following deﬁnition (see [17]).
Deﬁnition 3.1. A linear operator T :Cb(X) → E is said to be σ -additive if T (un) → 0 for τ whenever (un) is a sequence in
Cb(X) such that un(x) ↓ 0 for all x ∈ X .
Now we present a useful characterization of σ -additive operators on Cb(X).
Proposition 3.1. For a linear operator T :Cb(X) → E the following statements are equivalent:
(i) e′ ◦ T ∈ Lσ (Cb(X)) for each e′ ∈ E ′τ .
(ii) T is (σ (Cb(X),Mσ (X)),σ (E, E ′τ ))-continuous.
(iii) T is (βσ , τ )-continuous.
(iv) T is (βσ , τ )-sequentially continuous.
(v) T is σ -additive.
Proof. (i) ⇔ (ii) See [5, Theorem 9.26].
(ii) ⇒ (iii) It is known that T is (σ (Cb(X),Mσ (X)),σ (E, E ′τ ))-continuous if and only if T is (τ (Cb(X),Mσ (X)), τ (E, E ′τ ))-
continuous (see [5, Example 11, p. 149]). Since βσ = τ (Cb(X),Mσ (X)) and τ ⊂ τ (E, E ′τ ), the proof is complete.
(iii) ⇒ (iv) It is obvious.
(iv) ⇒ (v) Assume that T is (βσ , τ )-sequentially continuous, and let (un) be a sequence in Cb(X) such that un(x) ↓ 0 for
all x ∈ X . Since βσ is a σ -Dini topology, un → 0 for βσ . It follows that T (un) → 0 for τ .
(v) ⇒ (i) It is obvious. 
From Proposition 3.1 it follows that every σ -additive operator T :Cb(X) → E is (‖ ·‖, τ )-continuous because βσ is weaker
than the uniform norm topology on Cb(X).
As a consequence of Theorem 2.1 and Proposition 3.1 we get the following result.
Corollary 3.2. Let T :Cb(X) → E be a (‖ · ‖, τ )-continuous linear operator and mˆ : B → E ′′τ be its representing measure. Then the
following statements are equivalent:
(i) T is (βσ , τ )-continuous.
(ii) e′ ◦ T ∈ Lσ (Cb(X)) for each e′ ∈ E ′τ .
(iii) mˆe′ ∈ Mσ (X) for each e′ ∈ E ′τ .
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(ii) ⇔ (iii) In view of Theorem 2.1, for each e′ ∈ E ′τ we have(
e′ ◦ T )(u) = ∫
X
u dmˆe′ for all u ∈ Cb(X).
Hence by Proposition 3.1 e′ ◦ T ∈ Lσ (Cb(X)) if and only if mˆe′ ∈ Mσ (X). 
Let Lβσ ,τ (Cb(X), E) stand for the space of all (βσ , τ )-continuous linear operators from Cb(X) to E , equipped with the
topology Ts of simple convergence. Then Tα → T for Ts in Lβσ ,τ (Cb(X), E) if and only if Tα(u) → T (u) in τ for all u ∈
Cb(X).
Now we will examine the topological properties of the space (Lβσ ,τ (Cb(X), E), Ts). The following result will be of im-
portance (see [28, Theorem 2]).
Theorem 3.3. Let K be a Ts-compact subset of Lβσ ,τ (Cb(X), E). If C is a σ(E ′τ , E)-closed and τ -equicontinuous subset of E ′τ , then{e′ ◦ T : T ∈ K, e′ ∈ C} is a σ(Cb(X)′βσ ,Cb(X))-compact set in Cb(X)′βσ .
Now using Theorem 3.3 and the property that (Cb(X), βσ ) is a strongly Mackey space, we are ready to prove the follow-
ing Vitali–Hahn–Saks type theorem.
Theorem 3.4. Let K be a subset of Lβσ ,τ (Cb(X), E). Then the following statements are equivalent:
(i) K is relatively Ts-compact.
(ii) K is (βσ , τ )-equicontinuous and for each u ∈ Cb(X), the set {T (u): T ∈ K} is relatively τ -compact in E.
Proof. (i) ⇒ (ii) Assume that K is relatively Ts-compact. Let W be an absolutely convex and τ -closed neighborhood of 0
for τ in E . Then the polar W 0 of W with respect to the dual pair 〈E, E ′τ 〉 is a σ(E ′τ , E)-closed and τ -equicontinuous subset
of E ′τ (see [5, Theorem 9.21]). Hence in view of Theorem 3.3 the set H = {e′ ◦ T : T ∈ K, e′ ∈ W 0} in Cb(X)′βσ is relatively
σ(Cb(X)′βσ ,Cb(X))-compact. Since (Cb(X), βσ ) is a strongly Mackey space, the set H is βσ -equicontinuous. It follows that
there exists a βσ -neighborhood V of 0 in Cb(X) such that H ⊂ V 0, where V 0 is the polar of V with respect to the dual
pair 〈Cb(X),Cb(X)′βσ 〉. It follows that for each T ∈ K we have that {e′ ◦ T : e′ ∈ W 0} ⊂ V 0, i.e., if e′ ∈ W 0, then |e′(T (u))| 1
for all u ∈ V . This means that for each T ∈ K we have that W 0 ⊂ T (V )0. Hence T (V ) ⊂ T (V )00 ⊂ W 00 = W for each T ∈ K,
i.e., K is (βσ , τ )-equicontinuous. Clearly, for each u ∈ Cb(X), the set {T (u): T ∈ K} is relatively τ -compact in E .
(ii) ⇒ (i) It follows from [8, Chapter 3, § 3.4, Corollary 1]. 
Corollary 3.5. Assume that K is a relatively Ts-compact subset of Lβσ ,τ (Cb(X), E). Then K is uniformly σ -additive, i.e., for each
τ -continuous seminorm p on E we have that supT∈K p(T (un)) → 0 whenever un(x) ↓ 0 for all x ∈ X.
Proof. In view of Theorem 3.4, K is (βσ , τ )-equicontinuous. Let p be a τ -continuous seminorm on E , and let ε > 0 be
given. Then there is a βσ -neighborhood V of 0 in Cb(X) such that for each T ∈ K we have p(T (u)) ε for u ∈ V . Assume
that (un) is a sequence in Cb(X) such that un(x) ↓ 0 for each x ∈ X . Then un → 0 for βσ , and hence there is nε ∈ N such
that un ∈ V for n nε . Hence supT∈K p(T (un)) ε for n nε . 
As a consequence of Theorem 3.4 we can derive the following result.
Corollary 3.6. Let Tn :Cb(X) → E be (βσ , τ )-continuous linear operators for n ∈ N. Assume that T (u) = τ − lim Tn(u) exists for all
u ∈ Cb(X). Then
(i) T is a (βσ , τ )-continuous linear operator.
(ii) The family {Tn: n ∈N} is (βσ , τ )-equicontinuous.
Proof. For each e′ ∈ E ′τ we have (e′ ◦ T )(u) = limn(e′ ◦ Tn)(u) for all u ∈ Cb(X) and it follows that (e′ ◦ Tn) is a
σ(Cb(X)′βσ ,Cb(X))-Cauchy sequence in Cb(X)
′
βσ
. Since the space Mσ (X) is σ(Mσ (X),Cb(X))-sequentially complete (see [31,
Theorem 19]), for each e′ ∈ E ′τ there exists Φe′ ∈ Cb(X)′βσ such that Φe′ (u) = limn(e′ ◦ Tn)(u) for all u ∈ Cb(X). It follows
that e′ ◦ T = Φe′ ∈ Cb(X)′βσ , and by Proposition 3.1, T ∈ Lβσ,τ (Cb(X), E) and Tn → T for Ts . Since {Tn: n ∈ N} ∪ {T } is aTs-compact subset of Lβσ ,τ (Cb(X), E), by Theorem 3.4 the set {Tn: n ∈N} is (βσ , τ )-equicontinuous. 
In particular, we have the following vector-valued version of the Alexandrov theorem for σ -additive operators on Cb(X)
(see [31, Theorem 19]).
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(i) T :Cb(X) → E is a σ -additive linear operator.
(ii) The family {Tn: n ∈N} is uniformly σ -additive.
Remark. For E being a complete lcHs the statement (ii) of Corollary 3.7 was proved in a different way by Khurana [17,
Theorem 2].
4. Weakly compact operators on Cb(X)
Assume that T :Cb(X) → E is a weakly compact operator, that is, T maps bounded sets in the Banach space Cb(X) into
relatively σ(E, E ′τ )-compact sets in E (hence T is (‖ · ‖, τ )-continuous). Then by the Gantmacher type theorem (see [11,
Theorem 9.3.2]) we have
T ′′
(
Cb(X)
′′)⊂ i(E).
Let us put
T˜ := j ◦ T ′′ ◦ π : B(B) −→ E
and
m(A) := T˜ (1A) for A ∈ B.
Note that
T˜ = j ◦ Tˆ and m = j ◦ mˆ :B −→ E.
Then for each e′ ∈ E ′τ we have
mˆe′(A) =
(
e′ ◦m)(A) for each A ∈ B.
Now we state the following Alexandrov type theorem for weakly compact operators on Cb(X) (see [18, Theorem 6]).
Theorem 4.1. Assume that (E, τ ) is a quasicomplete lcHs. Let T :Cb(X) → E be a weakly compact operator and m = j ◦ mˆ :B → E,
where mˆ stands for the representing measure of T . Then the following statements hold:
(i) T˜ : B(B) → E is weakly compact.
(ii) m is τ -strongly bounded and e′ ◦m ∈ M(X) for each e′ ∈ E ′τ .
(iii) T˜ (u) = Tm(u) =
∫
X u dm for all u ∈ B(B).
(iv) T (u) = Tm(u) =
∫
X u dm for all u ∈ Cb(X).
Proof. First we shall show that T˜ is weakly compact. Indeed, for u ∈ BB(B) we have ‖π(u)‖Cb(X)′′  1. Hence by
the Banach–Alaoglu theorem {π(u): u ∈ BB(B)} is a relatively σ(Cb(X)′′,Cb(X)′)-compact set in Cb(X)′′ . Since T ′′ is
(σ (Cb(X)′′,Cb(X)′),σ (E ′′τ , E ′τ ))-continuous and T ′′(Cb(X)′′) ⊂ i(E), we see that T ′′ is (σ (Cb(X)′′,Cb(X)′),σ (i(E), E ′τ ))-
continuous. But j is (σ (i(E), E ′τ ),σ (E, E ′τ ))-continuous, so T˜ (BB(B)) is relatively σ(E, E ′τ )-compact, and this means that
T˜ : B(B) → E is weakly compact. In view of Theorem 1.1 m :B → E is τ -strongly bounded, and
T˜ (u) = Tm(u) =
∫
X
u dm for u ∈ B(B).
Since T is (‖ · ‖, τ )-continuous, by Theorem 2.1 e′ ◦m ∈ M(X) for each e′ ∈ E ′τ .
Note that for u ∈ Cb(X) and each e′ ∈ E ′τ we have
e′
(
T˜ (u)
)= e′(( j ◦ T ′′ ◦ π)(u))= (T ′′ ◦ π)(u)(e′)= T ′′(π(u))(e′)
= π(u)(T ′(e′))= π(u)(e′ ◦ T )= (e′ ◦ T )(u) = e′(T (u)).
Hence T˜ (u) = T (u) for all u ∈ Cb(X). 
Remark. The statements (i) and (iv) of Theorem 4.1 were proved by methods of topological measure theory by Khurana [18,
Theorem 6].
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mˆ :B → E ′′τ .
Theorem4.2. Assume that (E, τ ) is a quasicomplete lcHs. Let T :Cb(X) → E be a (‖·‖, τ )-continuous linear operator and mˆ :B → E ′′τ
be its representing measure. Then the following statements are equivalent:
(i) T is weakly compact.
(ii) mˆ(B) ⊂ i(E) and m = j ◦ mˆ :B → E is τ -strongly bounded.
(iii) mˆ is τε-strongly bounded.
Proof. (i) ⇒ (ii) It follows from Theorem 4.1.
(ii) ⇒ (iii) Assume that mˆ(B) ⊂ i(E) and m = j◦mˆ :B → E is τ -strongly bounded. Let (Ai) be a pairwise disjoint sequence
in B. Then
m(Ai) = ( j ◦ mˆ)(Ai) −→ 0 for τ .
Since the embedding i : E → E ′′τ is (τ , τε)-continuous (see [11, § 8.7]), we have
mˆ(Ai) = i
(
( j ◦ mˆ)(Ai)
)−→ 0 for τε.
(iii) ⇒ (i) Assume that the measure mˆ :B → E ′′τ is τε-strongly bounded. In view of [11, Corollary 9.3.2] it suﬃces to show
that for each τ -equicontinuous subset A of E ′τ , the set T ′(A) is relatively σ(Cb(X)′,Cb(X)′′)-compact. Indeed, let A be a
τ -equicontinuous subset of E ′τ . We have (see Theorem 2.1)
T ′
(
e′
)
(u) =
∫
X
u dmˆe′ for all e
′ ∈ E ′τ and u ∈ Cb(X).
It is enough to show that the set {mˆe′ : e′ ∈ A} is a relatively σ(M(X),M(X)′)-compact subset of M(X). Indeed, assume
that (Ai) is a pairwise disjoint sequence in B. Then pA(mˆ(Ai)) → 0, i.e., supe′∈A |mˆe′(Ai)| → 0. This means that the set
{mˆe′ : e′ ∈ A} in M(X) ⊂ ba(B) is uniformly strongly bounded. Moreover, by Proposition 2.2 we have supe′∈A |mˆe′ |(X) < ∞.
This means that {mˆe′ : e′ ∈ A} is a relatively σ(ba(B),ba(B)′)-compact subset of ba(B) (see [13, Theorem 2]). Since M(X) is
a closed set in (ba(B),‖ · ‖), we obtain that {mˆe′ : e′ ∈ A} is a relatively σ(M(X),M(X)′)-compact subset of M(X) (see [14,
Corollary 3.3.3]). Thus the proof is complete. 
Note that as a consequence of Theorem 4.2 and Corollary 3.2 we can derive the following characterization of operators
on Cb(X) in terms of their representing measures.
Proposition 4.3. Assume that (E, τ ) is a quasicomplete lcHs. Let T :Cb(X) → E be a (‖ ·‖, τ )-continuous linear operator and mˆ :B →
E ′′τ be its representing measure. Then the following statements are equivalent:
(i) T is (βσ , τ )-continuous and weakly compact.
(ii) mˆ(B) ⊂ i(E), m = j ◦ mˆ :B → E is τ -strongly bounded and e′ ◦m ∈ Mσ (X) for each e′ ∈ E ′τ .
(iii) mˆ is τε-strongly bounded and mˆe′ ∈ Mσ (X) for each e′ ∈ E ′τ .
Since M(X) is a Dedekind complete vector lattice and Mσ (X) is a band of M(X) (see [32, Theorem 7.2]), Mσ (X) is a
projective band of M(X) (see [5, Theorem 3.8]). Thus we have the following Yosida–Hewitt decomposition
M(X) = Mσ (X) ⊕ Mpf a(X),
where Mpf a(X) (= Mσ (X)d – the disjoint complement of Mσ (X) in M(X)) stands for the space of purely ﬁnitely additive
members of M(X) (see [33]). Hence
Cb(X)
′ = Lσ
(
Cb(X)
)⊕ Lpf a(Cb(X)),
where Lpf a(Cb(X)) (= Lσ (Cb(X))d – the disjoint complement of Lσ (Cb(X)) in Cb(X)′) stands for the space of purely ﬁnitely
additive functionals in Cb(X)′ . Since Cb(X) is an AM-space, M(X) is an AL-space. This means that ‖μ‖ = ‖μc‖ + ‖μp‖ and
‖Φμ‖ = ‖Φμc‖ + ‖Φμp‖ when μ = μc + μp with μc ∈ Mσ (X) and μp ∈ Mpf a(X).
Deﬁnition 4.1. A (‖ · ‖, τ )-continuous linear operator T :Cb(X) → E is said to be purely ﬁnitely additive if e′ ◦ T ∈ Lpf a(Cb(X))
for each e′ ∈ E ′τ .
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space. Now, using the Gantmacher theorem [11, Theorem 9.3.2] and Theorem 1.1 we can derive the following Yosida–Hewitt
type decomposition for weakly compact operators from Cb(X) into a quasicomplete locally convex space.
Theorem 4.4. Assume that (E, τ ) is a quasicomplete lcHs. Let T :Cb(X) → E be a weakly compact operator, and m = j ◦ mˆ :B → E,
where mˆ stands for the representing measure of T . Then
(i) m can be uniquely decomposed as m = mc + mp, where mc :B → E and mp :B → E are τ -strongly bounded measures and
e′ ◦mc ∈ Mσ (X) and e′ ◦mp ∈ Mpf a(X) for each e′ ∈ E ′τ .
(ii) T can be uniquely decomposed as T = T1 + T2 , where T1 and T2 are weakly compact, T1 is σ -additive and T2 is purely ﬁnitely
additive, and
T1(u) =
∫
X
u dmc and T2(u) =
∫
X
u dmp for all u ∈ Cb(X).
Hence
T (u) =
∫
X
u dm =
∫
X
u dmc +
∫
X
u dmp for all u ∈ Cb(X).
Proof. For Φ ∈ Cb(X)′ we have Φ = Φ1 + Φ2, where Φ1 ∈ Lσ (Cb(X)),Φ2 ∈ Lpf a(Cb(X)) and ‖Φ‖ = ‖Φ1‖ + ‖Φ2‖. Then we
have natural projections (k = 1,2)
Pk :Cb(X)
′ −→ Cb(X)′,
where Pk(Φ) = Φk and ‖Pk‖ 1. Now we can consider the conjugate operators
P ′k :Cb(X)
′′ −→ Cb(X)′′
deﬁned by P ′k(V )(Φ) = V (Pk(Φ)) for V ∈ Cb(X)′′ , Φ ∈ Cb(X)′ . Then
P ′k
(
π(u)
)= π(u) ◦ Pk for all u ∈ Cb(X).
By the Gantmacher type theorem (see [11, Theorem 9.3.2]) we have
T ′′
(
Cb(X)
′′)⊂ i(E).
Deﬁne linear operators (k = 1,2)
T˜k := j ◦ T ′′ ◦ P ′k ◦ π : B(B) −→ E.
To show that the operators T˜k : B(B) → E are weakly compact, note ﬁrst that for u ∈ BB(B) we have ‖P ′k(π(u))‖Cb(X)′′ =‖π(u) ◦ Pk‖Cb(X)′′  1. Hence by the Banach–Alaoglu theorem the set {P ′k(π(u)): u ∈ BB(B)} in Cb(X)′′ is relatively
σ(Cb(X)′′,Cb(X)′)-compact. Then arguing as in the proof of Theorem 4.1 we obtain that the set T˜k(BB(B)) is relatively
σ(E, E ′τ )-compact. This means that T˜k are weakly compact, as desired.
For A ∈ B let us put
mc(A) := T˜1(1A) and mp(A) := T˜2(1A).
Then by Theorem 1.1 the measures mc :B → E and mp :B → E are τ -strongly bounded, and we have
T˜1(u) =
∫
X
u dmc and T˜2(u) =
∫
X
u dmp for all u ∈ B(B).
Note that
T˜ (u) = T˜1(u) + T˜2(u) for u ∈ B(B).
Hence
m(A) =mc(A) +mp(A) for A ∈ B.
Let Tk = T˜k|Cb(X) :Cb(X) → E . Then T (u) = T1(u) + T2(u) for u ∈ Cb(X) and T1, T2 are weakly compact. For each e′ ∈ E ′τ
and all u ∈ Cb(X) we have
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e′ ◦ Tk
)
(u) = ((T ′′ ◦ P ′k ◦ π)(u))(e′)= (T ′′(π(u) ◦ Pk))(e′)= (π(u) ◦ Pk)(T ′(e′))
= π(u)(Pk(e′ ◦ T ))= Pk(e′ ◦ T )(u).
Since e′ ◦ T ∈ Cb(X)′ = Lσ (Cb(X)) ⊕ Lpf a(Cb(X)), we get e′ ◦ T1 ∈ Lσ (Cb(X)) and e′ ◦ T2 ∈ Lpf a(Cb(X)). In view of Proposi-
tion 3.1 T1 is σ -additive and T2 is purely ﬁnitely additive. The uniqueness of the decomposition T = T1 + T2 follows from
the uniqueness of the decomposition e′ ◦ T = e′ ◦ T1 + e′ ◦ T2 for each e′ ∈ E ′τ . Moreover, for each e′ ∈ E ′τ and u ∈ Cb(X) we
have
(
e′ ◦ T1
)
(u) =
∫
X
u d
(
e′ ◦mc
)
and
(
e′ ◦ T2
)
(u) =
∫
X
u d
(
e′ ◦mp
)
.
Hence e′ ◦mc ∈ Mσ (X) and e′ ◦mp ∈ Mpf a(X). 
5. Topological properties of operators on Cb(X)
In the measure theory the natural Mackey topology τ (B(Ba), ca(Ba)) on B(Ba) plays an important role (see [12,16]). It
is well known that the σ -order continuous dual B(Ba)∗c of B(Ba) can be identiﬁed (through the integration) with ca(Ba)
(see [4, Theorem 3.5]). Hence(
B(Ba), τ (B(Ba), ca(Ba)))′ = B(Ba)∗c ,
and in view of [21, § 2] we have:
τ
(
B(Ba), ca(Ba))∣∣Cb(X)⊂ βσ . (5.1)
Note that if (E, τ ) is a quasicomplete lcHs, then every τ -countably additive measure m :Ba → E is inner regular by zero-sets
and outer regular by positive-sets (see [18, Theorem 2]).
The following characterization of τ -countably additive vector measures m :Ba → E will be useful (see [22, Proposi-
tion 3.1]).
Proposition 5.1. Assume that (E, τ ) is a quasicomplete lcHs. Let m :Ba → E be a τ -bounded vector measure and Tm : B(Ba) → E be
the corresponding integration operator. Then the following statements are equivalent:
(i) m is τ -countably additive.
(ii) Tm is (τ (B(Ba), ca(Ba)), τ )-continuous.
(iii) Tm(un) → 0 for τ whenever un(x) → 0 for each x ∈ X and supn ‖un‖ < ∞.
Now making use of Proposition 5.1 and the Kluvanek Extension theorem we are ready to prove the following theorem.
Theorem 5.2. Assume that (E, τ ) is a quasicomplete lcHs. Let T :Cb(X) → E be a weakly compact operator and m = j ◦ mˆ :B → E,
where mˆ stands for the representing measure of T . Then the following statements are equivalent:
(i) T is (βσ , τ )-continuous.
(ii) m can be uniquely extended to a τ -countably additive measure m :Ba → E and the integration operator Tm : B(Ba) → E is
(τ (B(Ba), ca(Ba)), τ )-continuous and
T˜ (u) = Tm(u) = Tm(u) =
∫
X
u dm for all u ∈ B(B),
and hence
T (u) =
∫
X
u dm =
∫
X
u dm for all u ∈ Cb(X).
Proof. (i) ⇒ (ii) Since T :Cb(X) → E is weakly compact, in view of Theorem 4.1 m = j ◦ mˆ :B → E is τ -strongly bounded
and
T (u) = Tm(u) =
∫
u dm for all u ∈ Cb(X).
X
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Extension theorem (see [19, Theorem of Extension], [23, Corollary 2]) m can be extended to a τ -countably additive measure
m :Ba → E . By Proposition 5.1 Tm : B(Ba) → E is (τ (B(Ba), ca(Ba)), τ )-continuous.
Now let u ∈ B(B) ⊂ B(Ba), and choose a sequence (sn) of B-simple functions such that ‖sn − u‖ → 0. Then in view of
Theorem 4.1 we have
Tm(u) = τ − lim Tm(sn) = τ − lim Tm(sn) = Tm(u) = T˜ (u),
and hence
T (u) = Tm(u) for all u ∈ Cb(X).
The uniqueness of m follows from the uniqueness of the extension of e′ ◦m from B to Ba for each e′ ∈ E ′τ (see [32, § 6, pp.
117–118]).
(ii) ⇒ (i) Assume that m :B → E can be extended to a τ -countably additive measure m :Ba → E . It follows that for each
e′ ∈ E ′τ , e′ ◦m is a zero-set regular scalar measure (see [32, § 6.2, p. 118]), so e′ ◦m ∈ M(X). Since e′ ◦m is countably additive
on B, we have that e′ ◦m = mˆe′ ∈ Mσ (X). Hence by Corollary 3.2 T is (βσ , τ )-continuous. 
As a consequence of Theorem 5.2 and Proposition 5.1 we get the following representation theorem for operators on
Cb(X).
Theorem 5.3. Assume that (E, τ ) is a quasicomplete lcHs. Then for a linear operator T :Cb(X) → E the following statements are
equivalent:
(i) T is (βσ , τ )-continuous and weakly compact.
(ii) T possesses a unique (τ (B(Ba), ca(Ba)), τ )-continuous linear extension T : B(Ba) → E.
(iii) T possesses a unique linear extension T : B(Ba) → E such that T (un) → 0 for τ whenever un(x) → 0 for each x ∈ X and
supn ‖un‖ < ∞.
(iv) There exists a unique τ -countably additive measure m :Ba → E such that
T (u) = Tm(u) =
∫
X
u dm for all u ∈ Cb(X).
Proof. (i) ⇒ (ii) It follows from Theorem 5.2.
(ii) ⇔ (iii) See Proposition 5.1.
(ii) ⇒ (iv) Assume that (ii) holds. Let m(A) = T (1A) for A ∈ Ba. Then Tm = T and by Proposition 5.1 the measure
m :Ba → E is τ -countably additive, and for u ∈ Cb(X) we have
T (u) = T (u) = Tm(u) =
∫
X
u dm.
(iv) ⇒ (i) Assume that (iv) holds. By Proposition 5.1 the integration operator Tm : B(Ba) → E is (τ (B(Ba), ca(Ba)), τ )-
continuous and T = Tm|Cb(X) . Since m is τ -strongly bounded, by Theorem 1.1 Tm is weakly compact. Hence T is weakly
compact, and by Theorem 5.2 T is (βσ , τ )-continuous. 
Remark. The equivalence (i) ⇔ (iv) of Theorem 5.3 was derived by different methods by Khurana [18, Theorem 2].
Aguayo and Sánchez [2, Theorem 2.4] showed that each (βσ ,‖ · ‖)-continuous and weakly compact operator from Cb(X)
to a Banach space E is a strict Dunford–Pettis operator. Now, using Theorem 5.3 we are ready to extend this property for
(E, τ ) being a quasicomplete lcHs.
Corollary 5.4. Let (E, τ ) be a quasicomplete lcHs. Assume that T :Cb(X) → E is a (βσ , τ )-continuous and weakly compact operator.
Then T maps σ(Cb(X), Mσ (X))-Cauchy sequences in Cb(X) onto τ -convergent sequences in E.
Proof. For each x ∈ X let Φx(u) = u(x) for u ∈ Cb(X). Then Φx ∈ Lσ (Cb(X)). Let (un) be a σ(Cb(X),Mσ (X))-Cauchy sequence
in Cb(X). Then the set {un: n ∈ N} is βσ -bounded, so supn ‖un‖ < ∞ (see [32, Theorem 11.9]). Hence in view of (1.1),
limΦx(un) = limun(x) = u0(x) exists in R. Since un ∈ Cb(X) ⊂ B(B) ⊂ B(Ba), u0 : X → R is Ba-measurable. Note that u0 is
bounded, so u0 ∈ B(Ba).
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u ∈ Cb(X). Hence by the Lebesgue type theorem (see [24, Proposition 3.7, p. 4854]) u0 is m-integrable and
T (un) =
∫
X
un dm
τ−→
∫
X
u0 dm ∈ E. 
Remark. From Corollary 5.4 it follows that the space (Cb(X), βσ ) has the strict Dunford–Pettis property (see [11, § 9.4]). It
was ﬁrst shown by Khurana (see [15]).
At last, we state the following Nikodym convergence type theorem for linear operators on Cb(X).
Theorem 5.5. Assume that (E, τ ) is a quasicomplete lcHs. Let Tn :Cb(X) → E be a (βσ , τ )-continuous and weakly compact operator
for n ∈N. Assume that τ − lim Tn(1A) exists for each A ∈ Ba. Then the following statements hold:
(i) T (u) = τ − lim Tn(u) exists for each u ∈ Cb(X) and the linear operator T :Cb(X) → E is (βσ , τ )-continuous andweakly compact.
(ii) The family {Tn: n ∈N} is (βσ , τ )-equicontinuous.
Proof. In view of [22, Theorem 3.3] we obtain that T (u) = τ − lim Tn(u) exists for each u ∈ B(Ba), and the linear op-
erator T : B(Ba) → E is (τ (B(Ba), ca(Ba)), τ )-continuous. Hence by Theorem 5.3 the operator T = T |Cb(X) :Cb(X) → E is
(βσ , τ )-continuous and weakly compact. Moreover, by [22, Theorem 3.3] the family {Tn: n ∈ N} is (τ (B(Ba), ca(Ba)), τ )-
equicontinuous. Since Tn = Tn|Cb(X) for n ∈ N, we conclude that the family {Tn: n ∈ N} is (βσ , τ )-equicontinuous because
of (5.1). Thus the proof is complete. 
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